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Abstract 

We investigate the physical meaning of some of the texture zeros which appear in 
most of the Ansatze on leptonic masses and their mixing. It is shown that starting 
from arbitrary lepton mass matrices and making suitable weak basis transforma- 
tions one can obtain some of these sets of zeros, which therefore have no physical 
content. We then analyse four-zero texture Ansatze where the charged lepton and 
neutrino mass matrices have the same structure. The four texture zeros cannot be 
obtained simultaneously through weak basis transformations, so these Ansatze do 
have physical content. We show that they can be separated into four classes and 
study the physical implications of each class. 
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1 Introduction 



The discovery of neutrino oscillations pointing towards the existence of non- 
vanishing neutrino masses and large leptonic mixing has rendered the flavour 
puzzle even more intriguing. There have been many attempts at understanding 
the pattern of leptonic masses and mixing [T], including the introduction of 
either Abelian or non-Abelian flavour symmetries, some of them leading to 
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texture zeros in the fermion mass matrices. In the leptonic sector there is an 
extra motivation for introducing texture zeros, namely the fact that without 
an appeal to theory, it is not possible to fully reconstruct the neutrino mass 
matrix m,^ from experimental input arising from feasible experiments. It has 
been shown that this is possible if one postulates the presence of texture zeros 
in rrty [2j or if one assumes that det(mi^) vanishes [3]. 

A difficulty one encounters in an attempt at making a systematic study of 
experimentally viable texture zeros results from the fact that some sets of 
these zeros have, by themselves, no physical meaning, since they can be ob- 
tained starting from arbitrary fermion mass matrices, by making appropriate 
weak basis (WB) transformations which leave the gauge currents flavour di- 
agonal 

In this paper we investigate in detail what are the texture zeros which can be 
obtained in the leptonic sector with Majorana neutrinos through WB trans- 
formations. We then analyse the physical implications of Ansatze where the 
charged lepton mass matrix and the effective Majorana neutrino mass ma- 
trix m,j have the same structure (we denote them "parallel Ansatze"), with 
a total of four independent zeros. These Ansatze do have physical meaning, 
since not all their texture zeros can be simultaneously obtained through WB 
transformations. Although there is no universal principle requiring parallel 
structures, they certainly have an easthetical appeal and naturally arise in 
some classes of family symmetries as well as in the framework of some grand- 
unified theories [5]. 

This letter is organised as follows. In the next section, we show that starting 
from arbitrary structures for the leptonic mass matrices it is possible to obtain, 
through WB transformations, mi Hermitian with a texture zero in the (1, 1) 
position while m,^ (which is symmetric due to its assumed Majorana nature) 
has zeros in the (1,1) and (1,3) entries. In section [3l we analyse four-zero 
parallel Ansatze, showing that they can be divided into four different classes. 
In section m we confront these Ansatze with the present experimental data and 
analyse their predictions. Finally, in the last section we draw our conclusions. 



2 Creating texture zeros through WB transformations 



We assume the Standard Model with left-handed neutrinos together with some 
unspecified mechanism leading to lepton-number violation and the generation 
of a left-handed Majorana mass for neutrinos. The most general WB trans- 
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formation which leaves the gauge currents invariant is 



rrii — > m!^ = W'^ rrii Wr , 
niij — > ml = W'^ nil, W , 



where W and Wr are 3x3 unitary matrices, while me, m^, denote the charged 
lepton and neutrino mass matrices, respectively. It is possible to make a WB 
transformation which renders mi real and diagonal. In this basis, one has: 

mi = De, 

where = diag(me, m^, m^) and D^, = diag(mi, m2, m^) are real diagonal 
matrices. The unitary matrix U is the so-called Pontecorvo-Maki-Nakagawa- 
Sakata (PMNS) matrix [6] which can be parametrised as 

C12C13 S12C13 sise"*"^^ 

^ ~ —512023 — Ci2S23Si3e C12C23 — Si2S23Si3e S23C13 

y ■S12S23 — Ci2C23Si3e*'' — C12S23 — Sl2C23'Sl3e*^ C23C13 y 



P. , (3) 



where Qj = cos 9ij, Sij = sin 6ij] 9ij are mixing angles and 6 is CP- violating 
Dirac phase. The diagonal matrix = diag(e*"^/^, e*"^/^, 1) contains the Ma- 
jorana phases, cti, 02, which have physical meaning only if light neutrinos are 
Majorana particles. Although Majorana phases do not affect neutrino oscilla- 
tions, they do play a role in neutrinoless double beta decay, contributing to 
so-called effective Majorana mass [7] 

m(sp = miU:,^ + m2U*J + m^^Wj . (4) 



2.1 Creating the (1, 1) zero in and m^ 



Our goal is to investigate whether it is always possible to find a WB transfor- 
mation which, starting from arbitrary matrices mi and mjy, in the basis given 
in Eq. ([2]), leads to new matrices m'l and m'^ such that (m^)ii = {m'^)ii = and 
mi Hermitian. In this case, the WB transformations of Eq. ([1]) are restricted 
to those with Wr = W, i.e. 

mi^m',=W^DiW, 

— > ml = W'^U* Di^U^W . ^ ' 
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The requirement that {m'^)u and {m'j^)ii vanish leads to the conditions 

nie \Wuf + \W21f + nir \W31f = , (6) 
mi + ma X^^ + mg X^^ = , (7) 

where X = WW. The matrix elements Xf^ {i = 1, 2, 3) in Eq. ([7]) are given by 

= f/if w^, + u;,' wl + f/gf wl + 2 ui,Wuu;,W2, 

It is clear that in order for Eq. ([6]) to have a solution, one of the masses 
me, m^ or m^ must have a sign opposite to the other two. This requirement 
can be always fulfilled, since the sign of a Dirac fermion mass can always be 
changed by making an appropriate chiral transformation. In order for Eq. ([7]) 
to have a solution, the three real non-negative quantities Oj = |mjXf^| should 
be such that a triangle can be formed with sides ai, a2 and a^. A necessary 
and sufficient condition for them to be the sides of a triangle is that: 

(Q (1 00 O o\ AAA / \ 

ai + 0103 + 02 ) — tt]^ — — ttg > . (9) 

Given (mg, m^, m^), (mi, m2, mg) and [/, a solution to Eqs. ([SD and ([7]) can 
be found through the following procedure: 

(i) Find |VFii|, \y^z\\ such that Eq. (jS]) is satisfied. It is clear that 
this is always possible. One can parametrise the first column of W as 

\W\\\ = cos6'cos^, \W2i\ = sin 6* cos -i/^ , \W3i\ = sin ijj . (10) 

Then a solution of Eq. can be found by adjusting the angles 9 and ip. 

(ii) In order to satisfy Eq. ([7]), one has to choose W in such a way that the 
inequality in Eq. is verified. Finding a solution of Eq. ([7]) is then 
equivalent to the problem of determining the internal angles of a triangle 
from the knowledge of its sides. If we denote ipij = arg(Xij), the internal 
angles of the triangle are given by 2 ((/?2i — V^ii) and 2 {(^31 — ^pu). 



2.2 Creating an additional zero 

Once the zero in the position (1,1) is obtained, a natural question to ask 
is whether one can get additional WB zeros while keeping me Hermitian. It 
can be readily seen that there exists a second WB transformation that keeps 
(m^)ii = (m'j^)ii = and leads either to (m^)i3 = or to (my)i3 = 0. Such a 
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transformation is defined by the unitary matrix 



W 



1 

cos 6* -e*'^sin6' 
Oe-*'^sin^ cos^ 



with 9 and given by 

("1a)i3 



tan 6' 



12 



= arg(mA)i3 - arg(mA)i2 , X = i,u. 



:i2) 



Similarly, it is also possible to perform a WB transformation analogous to 
Eq. ffTTl) such that one obtains the second zero in the position (1,2). In this 
case, the following relations hold 



tan 6* 



("^a) 



12 
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= arg(mA)i3 - arg(mA)i2 - tt . 



(13) 



To illustrate numerically this procedure, we take a tri-bimaximal structure for 
the PMNS matrix, which as shown by Harrison, Perkins and Scott (HPS) [8] 
is consistent with neutrino oscillation data. In this case, the neutrino mixing 
matrix has the following form: 



HPS 



_ J 1_ 1 

1 1 ]_ 



(14) 



corresponding to 1^3 bimaximally mixed and z/2 trimaximally mixed. Since 
(f^HPs)i3 = 0, there is no Dirac-type CP violation in this scheme. Note also 
that there is in addition a /i — r reflection symmetry [9]. Making use of the tri- 
bimaximal mixing matrix ?7hpS) Eqs. ([8]) imply the following set of equations: 



rrie iW^iiP + |lV2iP + rrir IVF31P 







iVTnp + |W^2iP + |W^3i|' 



1 (2 mi + ma) Wf, + |(mi + 2 ma) {W21 + W^f 

+ \ {W21 - Wsif + I (ma - mi) {W21 + W^i) Wu = . 



(15) 



In order to give a numerical solution to this system of equations, we use the 
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following input values for the lepton masses [TOlITT] : 



0.511 Me V 

,2 



Am^i = 7.6 X 10"^ eV , 



m^ = 105.7MeV, = 1.777 GeV 

5 „aa2 a ^2 _ o /I 1 n-3 



Am32 



. 9 (16) 
2.4xlO-^eV^ ^ ^ 



Choosing < 0, mi = 0.01 eV, and all other masses positive, we find 



Wn = 0.869 , W21 = 0.480 e 



l,72i 



W31 = 0.116 . 



(17) 



If one makes use of the WB transformation defined in Eqs. flTT]) and f[T^ . the 
lepton mass matrices become 



0.093 0.19^ 



mi 



0.093 0.18 0.64 
0.19 0.64 1.50 



^ 0.023 ^ 



(GeV) , nil, 



0.023 0.038 0.010 
0.010 0.013 



(eV). 



Therefore, Eq. (1181) shows the explicit form of the leptonic mass matrices 
leading to the HPS structure, in the WB with texture zeros in the elements 
(1, 1) of rrii, and (1, 1), (1, 3) of rriiy. 



3 Four-zero parallel Ansatze 



In the previous section we have seen that through WB transformations one can 
obtain three independent texture zeros in the leptonic mass matrices, while 
maintaining mi Hermitian. We address now the question whether it is possible 
to keep me Hermitian and, simultaneously, obtain additional zeros through 
WB transformations. We will show that this is not possible, thus implying 
that the assumption of any additional zero does have physical implications. 

To be specific, let us investigate whether starting from arbitrary me and mj, 
one can make a WB transformation, so that these matrices are put in the form 



me 



^0 * 0^ 



* * * 
* * 



m,. 



^0 * 0^ 



* * * 

yO * *y 



(19) 



with me Hermitian. To prove that this is not possible, let us count the number 
of independent parameters in these matrices. By making the rephasing 



me 



K'' meK , m^ — > K'^ m^ K , 



(20) 



6 



with K = diag(e* e* "^^5 e* '^^), it is straightforward to verify that one can 
choose (fi so that becomes real. One has still some freedom left, so that one 
phase in rrii, is also eliminated. In this way, one is left with four real parameters 
in mg and four real parameters plus three phases in m^. So altogether one 
has eleven free parameters in the matrices nii and rriiy given in Eq. f|T9|) . 
On the other hand, in the leptonic sector with three generations of Majorana 
neutrinos, there is a total of twelve physical parameters [i.e. six lepton masses, 
three mixing angles and three phases). 

From the above simple counting one sees that, in general, the form of Eq. f[T^ . 
with nil Hermitian, cannot be obtained through WB transformations, starting 
from arbitrary mi and my matrices. This in turn implies that the Ansatz of 
Eq. (fT9|) does have physical implications. On the other hand, if one relaxes the 
Hermiticity condition of rrig, one can show that the parallel structure given in 
Eq. (1191) can always be obtained through the WB transformation of Eq. ([T]) 
with Wr 7^ W. In this case, the total number of free parameters is fourteen and 
additional assumptions would be necessary to gain predictabilit\P1. Therefore, 
in what follows we restrict our analysis to the cases where mg is Hermitian. 
In the quark sector, Ansatze analogous to the one of Eq. f|T9|l have been 
considered in the literature [I3j . 



3.1 Weak basis equivalent classes 



It should be noted that different four-zero texture parallel matrices, with ze- 
ros located in different positions, may have exactly the same physical content. 
Indeed, they can be related by a WB transformation, performed by a permu- 
tation matrix P, 

m'f = P'^ rrii P , ^ ^ 

/ pT p (21) 
= P rrii, P , 

which automatically preserves the parallel structure, but changes the position 
of the zeros. The matrix P belongs to the group of six permutations ma- 
trices, which are isomorphic to . The four- zero texture Ansatze can then 
be classified into four classes, as indicated in Table [H Note that such a WB 
transformation is not allowed in a scheme where one wants to keep the charged 
lepton matrix diagonal and ordered, as in the Frampton, Glashow and Mar- 
fatia (FGM) framework P] . It is also clear that class IV is not experimentally 
viable, since it leads to the decoupling of one of the generations. 



^ This is entirely analogous to the case of nearest neighbour interactions (NNI) in 
the quark sector where the removal of the Hermiticity constraint eUminates any 
predictability of the NNI Ansatz [12] . 
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Class 



Textures 



II 



III 



IV' 



/o * o\ 



* * * 

\0 * * J 

* * * 

* 

* * 



V 



foo *\ 

* * 

/* * o\ ( 



/* *\ 
* 

* * 
\*0 0J 



fo * *\ 

* * 

y* *y 



* * 



f* *\ 

* * 



* * 



/o * *\ 

* * * 



* * 



/* o^ 

* * 
* *y 



/* *\ 

0*0 

y* *y 



/* * o\ 

* * 

yo *y 



^ Class IV is not viable phenomenologically. 

Table 1 

All possible four-texture zero Ansatze with parallel structure. Within the same class 
all the Ansatze have the same physical implications. 

3.2 Seesaw realisations of texture zeros 



So far, we have analysed the structure of the effective neutrino mass matrix 
rrii, without considering its origin. It is well known that one of the most at- 
tractive scenarios where naturally small neutrino masses are generated is the 
seesaw framework [13]. The simplest realisation of this scenario consists of 
the addition of three right-handed neutrinos to the spectrum of the Stan- 
dard Model. In this minimal realisation, an effective neutrino mass matrix is 
generated through the seesaw formula, 

'>^u = f^D ^R^'f^D 1 (22) 

where m^) and mpi denote the Dirac neutrino and right-handed Majorana 
neutrino mass matrices, respectively. This framework is often referred as type-I 
seesaw mechanism. 



In a type-I seesaw, it is reasonable to expect that the presence of family 
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symmetries may lead to texture zeros in niD and/or M/j . It is clear that in 
general these texture zeros do not lead to zeros in m,^. However, there are some 
special texture- zero structures that, once imposed in m^) and M/j, also appear 
in . Among the four classes defined in Table [T], only classes I and IV have 
this remarkable property [15]. Since class IV is not viable experimentally, it 
follows that class I is the only viable four-zero texture Ansatz which can be 
naturally realised in the type-I seesaw framework. On the other hand, classes 
I, II and III can all be realised in the so-called type-II seesaw, where the 
dominant contribution to rrii, arises from the coupling of ly^ to a Higgs triplet. 



4 Phenomenological implications of four-zero texture Ansatze 



We study in this section the phenomenological implications of considering four 
texture zeros in the leptonic mass matrices with parallel structure, i.e. when 
both matrices me and have their zeros at the same positions. Since matrices 
belonging to the same class share exactly the same physical content, we will 
analyse only three mass matrices m}, m}^ and m^^^ as representatives of the 
classes I, II and III, respectively. 



m 



* * * 

yO * *j 



m 



^0 * *^ 

* * 

y* *y 



m 



,111 



* * 

^ ^ ^ ^ J 



(23) 



We do not consider any example of class IV matrices, since they are phe- 
nomenologically excluded. 

In order to have simple analytic relations and most easily address the full 
complex case, it is convenient to distinguish the phases appearing in the mass 
matrices as factorisable and non-factorisable. If all the phases from both lep- 
tonic mass matrices can be factorised, one can write 



rrii 



Ker^Kl, 



(24) 



where and m° are real matrices and Ki and Ki, are diagonal unitary ma- 
trices. Note that while for classes I and II the charged lepton mass matrix 
mi is always factorisable in the above sense, this is not true for class III. In- 
deed, for a charged lepton mass matrix belonging to class III, the quantity 
aig[{me)i2{m()\^{m()2^ is in general non-vanishing. Since this quantity re- 
mains invariant under the transformations given in Eq. fl24l) . the matrix 
would have one remaining phase. When both leptonic matrices are factoris- 
able, the PMNS mixing matrix takes the form 



U = 0'J KO,. 



(25) 
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where the matrices Oi and Oy are real and orthogonal matrices that diago- 
nalise the mass matrices m° and m°, respectively. The diagonal unitary matrix 
K, given can be parametrised as 

K = dmg{l,e''^\e'^^) . (26) 



Parameters 


Best fit 


la 


Amii [lO-^eV^] 


7.6 


7.5 - 7.9 


Am|i [10-3eV2] 


2.4 


2.2 - 2.5 


sin^ 6112 


0.32 


0.30 - 0.34 


sin^ 6*23 


0.50 


0.43 - 0.57 


sin2 % = |C/e3p 


0.007 


< 0.019 



Table 2 

Best-fit values and la intervals for the three-flavour neutrino oscillation parame- 
ters [H]- 

To complete our programme and obtain physical predictions, we need to en- 
sure that the PMNS matrix obtained for each class satisfies the experimental 
constraints presented in Table [21 that arise from neutrino oscillation experi- 
ments. Since neutrino oscillation experiments probe only the neutrino squared 
mass differences, Am|^ for solar neutrinos and Amg^^ ~ Amgg ^ Am^^ for 
atmospheric neutrinos, we consider in our analysis the two possible hierarchies 
for the neutrino masses: normal hierarchy, when the mass eigenstate u^, sepa- 
rated from Ui and 1/2 by the largest mass gap, is the heaviest mass state, and 
inverted hierarchy, when z/3 is the lightest mass state. 



4-1 Class I Ansatz 



Let us start with the analysis of Ansatze of class I, considering both mass 
matrices, and m^, with all phases factorisable. In this case, they can be 
parametrised as in Eq. (1241) with 



^0 ax 0^ 



ax bx cx 
Cx dx 



, X = e,iy, 



(27) 



where the coefficients ax,bx,cx and dx are real. Note that the phases in 
and rrii, have been absorbed in the matrices Kx which will then appear in the 
PMNS mixing matrix U as indicated in Eq. (125|) . Moreover, without loss of 
generality, the coefficients ax, cx and dx can be assumed positive. Taken the 
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coefficient dx as a free parameter, we can express ax,b\ and c\ in terms of 
f^A and the mass eigenvalues m\i {i = 1, 2, 3). This is done by using the three 
weak basis invariants of the matrix mx, 



Ti^m^) = mi + 7712 + ma , 
det(m°) = 171117121713 , 

= nil 7712 + ITli Tn^ + 777,2 , 



(28) 



where the subscript A has been dropped. The coefficients a, b and c read [^1[T5] 



777 1 7772 7773 



d 



b = rrii + 777-2 + "^3 ~ : 



(29) 



(d — mi)(d — m2){d — 7773) 



d 



From Eqs. fl2^ one sees that the range of variation of d depends on the fermion 
mass signs. Note that the signs of the charged lepton masses have no physical 
meaning, since they are Dirac-type fermions. However, for Majorana neutrinos, 
the mass signs have physical meaning since they redefine the Majorana phases 
in the diagonal matrix Pa of Eq. ([3]) . 

Once the elements of the leptonic matrices are expressed as functions of the 
leptonic masses and the parameters dg and di^, the real orthogonal matrices 
Oi and Oi, are easily constructed for a particular choice of fermion mass signs 
and a neutrino mass hierarchy. The moduli of the Oi ^ elements are given by 



\Olu\ 



"12 ra'i{d—va\) 



mim3{m2—d) 



d (m,2-mi)(m3-mi) y d(m2-mi){m3-m2) y d (m3-mi)(m3-m,2) 



mi{mi — d) 



(m2—mi){m3—mi) 



{d—m2)m2 



(m2—mi){m3—m2) 



m-i{m-i-d) 



(m3-mi){m-s-m2) 



, (30) 



mi(d—m2){d—m-i) / m2{d—mi)(m3 — d) / m'i{d—mi)(d—m2) 
y y d (m2— mi)(m3— mi) y d (m2— rrii)(m3— 7712) y d (m3— mi)(m3— m2) / 



and the corresponding matrix element signs are 



+ 



+ 



+ 



Slgn(777,ij Slgn(7772j Slgn(77l3j 



sign (7772 7773) sign(r77i) 



(31) 
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in the case of normal hierarchy, and 

/ 



+ 



+ 



+ 



sign(mi) sign(m2) sign(m3) 



\^ sign(m3j 



(32) 



sign(mi 1712) J 



for an inverted hierarchy. The PMNS matrix U is then obtained using Eq. (125|) . 
To confront the PMNS matrix with the experimental constraints from neu- 
trino oscillations [ TOlllGfllj . we shall take as input values the charged lepton 
masses from Eq. (1161) and the neutrino mass squared differences and mixing 
angles given in Table [2J One of the attractive features of class I Ansatze is that 
the effective Majorana mass m/3/3 does not necessarily vanish for normal hier- 
archical neutrinos, although {m^)ii = 0. Even in the limit where the charged 
lepton mixing is small, e.g. when de ~ and nie < 0, we have 



(a 



£12 



\ 



imp 



m, 



13 



'23 



(33) 



implying 7^ 0, which is in fact a distinctive signature of the four-zero 
parallel Ansatze given in Eq. (1271) . contrasting to the Ansatz of case Ai studied 
by FGM |2j, where rripp is predicted to vanish. 

One can show that within class I Ansatze, and in the framework of factorisable 
phases, an inverted hierarchy for neutrino masses is not consistent with the 
experimental data, unless the lightest neutrino mass ms is fine-tuned with the 
parameter dv This can be understood in two different limits of the PMNS 
matrix, obtained from Eqs. fl25l) and fl30|) with the identification mi ^ m^. 
Taking the limit ?a 0, it implies that \Ue3\ ~ 1, while in the limit of 
\Uez\ ~ 0, and for large 7713, we obtain 



sin^^ 



12 



mi 



mi -|- m2 



1 

2 ' 



(34) 



unless ms ~ d 



In order to verify whether this result remains valid in the most general case 
[i.e. when not all the phases in irii, are factorisable), we have proceeded to the 
numerical analysis of the full complex case, which corresponds, without loss 
of generality, of having a complex parameter d^ in the neutrino mass matrix 
given in Eq. (127|) . Notice that three of the four phases in m^, can be factorized 
in the sense of Eq. ( |2^ and their effects absorbed in the PMNS mixing matrix. 
The results are summarised in Fig. [1] for normal hierarchical neutrinos and in 
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Class I 



Class I 



10 

rti, (eV) 



Fig. 1. Class I (normal hierarchy): The mixing parameter \Ue3\ and the effective 
Majorana mass 1^/3/3 1 in terms of the lightest neutrino mass mi. The darker (red) 
points correspond to points which verify all experimental constraints. The lighter 
(green) points define the parameter space allowed by the Ansatz. 




Fig. 2. Class I (inverted hierarchy): The Ansatz parameter d^, as a function of the 
lightest neutrino mass 1713 and the solar mixing parameter sin^ 612 in terms of | Ue3 \ ■ 
Notice the required fine-tuning (7713 — dy) in order to have solution with inverted 
hierarchy for this class of Ansatze. 

Fig. [2] for an inverted hierarchy. In the latter case, no solution was consistent 
with the experimental data, except when d^, ^ > 0.04, which enforces the 
analytic procedure. 

In the case of a normal hierarchical neutrino mass spectrum, and from the 
numerical results shown in Fig. [1], we obtain lower bounds on the lightest neu- 
trino mass mi, the effective Majorana mass \'mpp\ and the mixing parameter 
\Ue3l namely, mi > S.OxlO'^eV, |m^^| > 7x lO-^eVand jf/esl > 4.0 x lO'l 
No significant upper bound can be established for any of these quantities; they 
are only constrained by their present experimental upper limits. 

We remark that although the class I Ansatz given in Eq. (1271) has been pre- 
viously studied in the context of parallel structures with factorisable phases 
in both mi and rriu mass matrices llSfTT] . a complete analysis has not been 
done. We have presented here a full complex analysis, including all the physical 
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phases. 



4.2 Class II Ansatz 



To analise this class we follow the same procedure as for class I Ansatze. When 
all phases are factorisable, the charged lepton and neutrino mass matrices can 
be parametrised according to Eq. (IMD, where 



^0 a 

ab 
yc dj 



(35) 



is a real matrix, and a, c and d are positive. Using Eqs. (1251) . we obtain the 
following relations: 



/ {nil + m2- d){mi + ms - d){m2 + rus - d) 

a = \ , 

V mi + 1712 + ms — 2a 

b = mi + m2 + m^ — d , (36) 



/(d — mi){d — m2){d — ma) 
V mi + m2 + m^ — 2d 

The set of relations given in Eq. ( l36i) allows the construction of the real and 
orthogonal matrices Oe and O^, , so that the PMNS matrix U can be deter- 
mined as a function of the six lepton masses, the two parameters de, d^, and 
the two phases ^i, 02 defined in Eq. ( 1261) . 

The numerical results for Class II Ansatze were obtained within the full com- 
plex case, including all physical phases. We can see from Figs.|3]and|l]that both 
neutrino spectra are allowed by the experimental data. The lightest neutrino 
mass mi in the case of normal hierarchy is bounded from below, mi > 10~^ eV, 
while for the inverted hierarchy no bounds can be established. In both cases, 
the lightest mass is constrained from above only by its present experimental 
upper limit. 

The quantity m^^ is different from zero in both types of neutrino hierarchies. 
In the case of normal hierarchy we obtain the lower bound |m^^| > 10~^eV, 
while for an inverted hierarchy one has Imjspl > 2 x 10~^eV. Such values 
of mf^i3 could in principle be tested in future neutrinoless double beta decay 
experiments p^][T9] . The mixing parameter |[/e3| is also bounded from below: 
l^esl ^ 7 X 10~^ for a normal hierarchy and {Ue^l > 10~^ for an inverted 
hierarchy. 
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Class II 



Class II 



Fig. 3. Class II (normal hierarchy): The quantities \Ue2,\ and as functions of 

the lightest mass mi. The darker (red) points verify all the experimental constraints. 
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Fig. 4. Class II (inverted hierarchy): The atmospheric mixing parameter sin^ ^23 as 
a function of [f/esl and jm^^l in terms of the lightest neutrino mass m^,- The darker 
(red) points verify all the experimental constraints. 



4.3 Class III Ansatz 



In the case of factorisable phases, the leptonic mass matrices belonging to this 
class can be written as in Eq. flM|) . where the matrices m\ are parametrised 
by real parameters a, 6, c and d in the form 



m 



a c 
yb c dj 



(37) 



Here we choose a to be the free parameter, since d is already fixed by the trace 
invariant in Eq. 

d = mi + m2 + ms . (38) 
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Class III 
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Class III 



Fig. 5. Class III (normal hierarchy): The atmospheric mixing parameter sin^ ^23 as 
a function of {Uesl and the effective Majorana mass {mpf^l in terms of the lightest 
neutrino mass mi. The darker (red) points correspond to the points which verify 
the experimental constraints. 



Class I 



10 




Class III 



Fig. 6. Class III (inverted hierarchy): The mixing parameter \Ue3\ and the effective 
Majorana mass in terms of the lightest neutrino mass nii. The darker points 

define the parameter space consistent with the experimental constraints. 

The remaining two parameters, b and c, are given as functions of the parameter 
a and the lepton masses rrii, 

[0± C) = —(mi 771,2 + ^1 1T^3 + "^2 "~ ^ ± • (^9) 

a 

The set of relations given in Eqs. fl38|) and fl39|) allows the construction of the 
real and orthogonal matrices Oe and O^, which in turn determine the PMNS 
matrix U. In this case, U is a. function of the six lepton masses, the parameters 
tti, tty and the two phases 0i, 02 defined in Eq. f l2^ . 

The numerical results corresponding to the full complex case, including all 
physical phases, are presented in Fig. [S] for a normal hierarchy of the neu- 
trino masses and in Fig. [6] for an inverted hierarchy. The allowed range for 
the lightest neutrino mass mi in the case of normal hierarchy is 10~^eV < 
'^i ^ 3 X 10~^eV. For the inverted hierarchy, only an upper bound can be 
established, ma < 7 x 10~^ eV. 
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Class Normal Hierarchy Inverted Hierarchy 









T 

X 


I^T-/?/?! ;C ' X eV 


I-J-A.CiLHJ.CLl lUllitJoo ill/ — ''''3 U.VJ'i I 




\Tj „\ > 4 V 1 






//^l ^ U.Ul c V 


//fc3 UllltioLilCLcU. 


TT 


\^l3p\ ^ U.Ui eV 


\^Pf3\ <j U.U^eV 




If/esI > 7 X 10-3 


I^:^e3l >o.oi 




10"^ eV < mi < 0.03 eV 


ma < 0.07 eV 


III 


8x 10-4eV< |m/3^| <0.03eV 


0.02 eV < Im^sl < 0.07 eV 




|f/e3|>9xl0-3 


|;7e3|>4xl0-3 



Table 3 

Summary of Ansatze predictions: class I, II and III in the full complex case. A normal 
and an inverted hierarchy for the neutrino mass spectrum have been considered. 

As in the case of class II Ansatze, we can see that both scenarios are exper- 
imentally allowed. Again, the quantity m^^ does not necessarily vanish. In 
the case of normal hierarchy we obtain the bounds 8 x 10"^ eV < l?^/?/?! ^ 
3 X 10~^eV, which could in principle be tested in neutrinoless double beta 
decay experiments [18]. In the case of inverted hierarchy, we find the bounds 
2 X 10"^ eV < ^ 7 X IQ-^ eV, a range of values which is also at the reach 

of future neutrinoless double beta decays experiments [19]. We also obtain 
bounds on the mixing parameter iC/esI, namely, |[/e3| ^ 9 x 10"'^ for normal 
hierarchy and \\Jei\ ^ 4 x 10"^ for the inverted hierarchy case. 

From the above results we conclude that the leptonic mass matrices which 
belong to different classes have distinct features. In Table [3] we summarise 
some of the predictions of Class I, II and III Ansatze. 



5 Summary and Conclusions 

We have emphasised that in any search for the experimentally viable texture- 
zero structures for fermion mass matrices, it is crucial to take into account 
the freedom to make WB transformations which do not change the physical 
content of a given structure but alter its form. In the case of the leptonic sector 
with Majorana neutrinos, we have investigated what zeros can be obtained, 
starting from arbitrary mass matrices for charged leptons and neutrinos, using 
the freedom to make WB transformations. In particular, we have shown that 
without loss of generality, one can choose a WB where mi is Hermitian and 
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m£, nil, contain a total of three independent texture-zeros. 

We have then classified and analysed the four texture-zero Ansatze for and 
rriu with a parallel structure. These Ansatze do have physical implications, 
since not all the zeros can be obtained simultaneously, just by making WB 
transformations. It was shown that these four texture-zeros Ansatze can be 
classified in four classes, one of which is not compatible with the experimental 
data. The main predictions of these viable classes are summarised in Table [31 
We have also analysed how the predictions of these Ansatze differ from those 
studied by Frampton, Glashow and Marfatia, where the mass matrices mi and 
rriy do not have a parallel structure. 
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